In order to elucidate the role of spontaneous symmetry breaking in condensed matter systems, we explicitly construct the ground state wave function for a nonrelativistic theory of a two-fluid system of bosons. This can model either superconductivity or superfluidity, depending on whether we assign a charge to the particles or not. Since each nonrelativistic field Ψ j ( j = 1, 2) carries a phase θ j and the Lagrangian is formally invariant under shifts θ j → θ j + α j for independent α j , one can investigate whether these symmetries are spontaneously broken by the ground state condensate of particles. We explicitly compute the wave function overlap between a pair of ground states G|G that differ by these phase shifts. We show that the ground state spontaneously breaks most pairs of shifts, including θ j → θ j + m j ε, where m j is the mass of each species. This is associated with a single Goldstone boson (phonon) and is associated with the conservation of mass. However, we show that the ground state is unchanged under the transformation θ j → θ j + q j ε, where q j is the charge of each species, and hence there is no spontaneous symmetry breaking of the U(1) em associated with electromagnetism. This construction should remove any residual confusion in the literature, which has occasionally claimed that U(1) em undergoes spontaneous symmetry breaking in superconductivity; in fact it does not.
I. INTRODUCTION
The role of spontaneous symmetry breaking (SSB) in nature is a highly important subject, with applications to the Standard Model, cosmology, and condensed matter systems. In the context of the Standard Model, there are various forms of (approximate) SSB, including the breakdown of chiral symmetry in QCD, etc. However, its role within the Higgs mechanism often involves some confusion, since it is often described as being tied to the notion of gauge symmetry, which is in fact a type of redundancy in the description. This has led to various conclusions in the literature; see Refs. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] .
To elucidate the actual behavior of SSB in the Standard Model, we recently constructed the (approximate) vacuum wave function of the Standard Model and explicitly found the vacuum to be unique [11] . This shows that in addition to Elitzur's theorem [12] -that one cannot spontaneously break a local, or "small", gauge symmetry (which is obvious since they are always only redundancies) -there is in fact no global sub-group that is spontaneously broken in the Standard Model vacuum either.
In this work, we turn our attention to nonrelativistic condensed matter systems. In particular we will focus on multifluid systems of bosons. Some of the most familiar applications are to collections of helium atoms, which can organize into a superfluid at low temperatures, and to collections of Cooper pairs of electrons, which can organize into a superconductor at low temperatures. The general topic of superfluids and superconductors will be the subject of this paper (for some foundations and reviews, see Refs. [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] ).
In the context of superfluidity, it is well known that there is a global U(1) phase rotation symmetry of the Schrodinger field ψ that is spontaneously broken by the ground state; its corresponding Goldstone is a phonon associated with gapless sound waves. In the context of superconductivity, it is well * mark.hertzberg@tufts.edu † mudit.jain@tufts.edu known that the system can exhibit plasma oscillations; and there is a gapped spectrum provided by the plasma frequency. For a discussion of Goldstones in condensed matter systems, see Refs. [26] [27] [28] [29] . This absence of a Goldstone mode in the latter case, has led to various contradictory statements in the literature surrounding the fate of the U(1) em of electromagnetism. For example, in the textbook "The quantum theory of fields" [30] it is claimed "A superconductor is simply a material in which electromagnetic gauge invariance is spontaneously broken." However, one cannot spontaneously break gauge invariance, as it is a mere redundancy, as mentioned above, and all states are gauge invariant. However, one can wonder about the fate of the global sub-group of U(1) em , which after all is the actual symmetry of electromagnetism, associated with conservation of electric charge. Is it possible that this symmetry is spontaneously broken in superconductors, despite the absence of the gapless Goldstone mode? In the review paper [31] , it was claimed that this is precisely what happens "global U(1) phase rotation symmetry, and not gauge symmetry, is spontaneously violated". But how could there possibly be SSB when there is no associated Goldstone mode due to plasma oscillations? Ref. [32] claimed "in a superconductor the superfluid density fluctuations carry charge density fluctuations, which have long-range Coulomb interactions, whereas Goldstone's theorem only applies to local interactions". Thus claiming the Goldstone theorem is avoided and there is still SSB. On the other hand, in another work Ref. [33] claimed that the SSB pattern is just the opposite of this "in the superconducting phase the symmetry is unbroken", while in Ref. [34] the symmetry breaking language is said to be just "linguistics".
In this paper our goal is to address these issues in a direct and clear fashion, building on the ideas we developed in Ref. [11] . In particular, we will explicitly compute the ground state wave function |G , and then perform the (global) phase rotation shifts θ j → θ j + α j to obtain other possible ground states |G . We then explicitly compute the overlap G|G to determine which, if any, phase shifts lead to new states. This in fact is the precise definition of SSB. To our knowledge the explicit construction of the wave function overlap in this con-text does not appear directly in the literature.
The class of models we will study is a two-fluid system of bosons in the nonrelativistic approximation. Each bosonic field is described by a Schrodinger field Ψ j ( j = 1, 2), with phase θ j formally displaying a pair of phase rotation symmetries θ j → θ j + α j , for arbitrary choices of α j . We allow for a coupling to electromagnetism by endowing each species with charge q j (but in such a way that the homogeneous background charge density is zero). We find that the overlap of the wave functions is zero for most choices of α j , including α j = m j ε where m j is the mass of each of the species. This implies SSB and is associated with the conservation of mass. However, we find that for the special choice of α j = q j ε, the overlap of the wave functions is 1. This implies there is no SSB of U(1) em (neither gauge nor global) associated with electric charge.
Our paper is organized as follows: In Section II we present the two-fluid nonrelativistic model. In Section III we discuss the condensate background. In Section IV we present the Lagrangian and Hamiltonian governing fluctuations. In Section V we explicitly compute the ground state wave function. In Section VI we explicitly compute the overlap of the ground state wave functions. In Section VII we discuss which quantities are conserved and the associated symmetries. Finally, in Section VIII we conclude.
II. NONRELATIVISTIC FIELD THEORY
We are interested in systems of nonrelativistic bosons. We will allow for several species that are distinguishable, labelled j, but will often specialize to the case of two species ( j = 1, 2) where needed for simplicity. We are interested in systems of many particles. In this case, it is convenient to utilize creationâ † k, j and destruction operatorsâ k, j that produce N particle states. Since we are interested in exploring condensates, it is convenient to pass to the field representation. This is defined by Fourier transforming the destruction operator to a field in position space, the so-called Schrodinger fieldΨ j (x) (with conjugate fieldΨ † j (x)) as followŝ
The corresponding particle number density operator for species j isn
with particle number operatorN j = d 3 xn j (x). In order to explore superconductivity, we minimally couple the fields to electromagnetism A µ = (−φ, A). For convenience we will use the Lagrangian formalism (though later we will move to the Hamiltonian formalism). The nonrelativistic effective Lagrangian density is given by
where m j is the mass of each of the species and q j is the charge of each of the species. For the potential V , we allow 4-point self-interactions. However, for simplicity we assume that each species does not directly scatter off other species. For instance, one can imagine that the underlying fermionic description, which introduces Pauli exclusion, gives rise to repulsion among the indistinguishable particles. The generalization to other couplings is straightforward, but will not be studied here. We also include a chemical potential µ j for each of the species, to make it simpler to describe a background (this can also be obtained from a redefinition of the fields as Ψ j → Ψ j e iµ j t ). Together we write the potential as
where λ j are (positive) self-couplings. We note that the above theory carries the following set of (global) symmetries
for independent α j . When expanding around the vacuum, these are associated with the conservation of each of the species particle number, and includes the special case of α j = q j ε corresponding to electric charge. In the following we will examine which, if any, of these symmetries is spontaneously broken by a condensate (ground state) solution.
III. HOMOGENEOUS BACKGROUND
We now expand around a homogeneous background. At the classical field level, the ground state is determined by minimizing the above potential V . We can use the chemical potential to obtain whatever background number density of particles we desire. Lets denote the background number density of each species n j0 . By minimizing the potential, this value of number density can be immediately obtained by choosing the chemical potential to be
We will ensure that the background charge density ρ 0 = 0, so that we have a neutral superconductor to expand around. Hence we assume that the background number densities are related by the condition
In the special case of two species, this means that one species has negative charge and the other species has positive charge (or else they are both neutral and then we are merely studying decoupled superfluids). In a physical system, the species of negative charge is easy to come by: the standard Cooper pair of electrons in a BCS superconductor, with charge q = −2e.
On the other hand, the species of positive charge can be provided by positively charged nuclei, so long as they organize into effective bosons. To the extent that this is a complete or accurate description of realistic superconductors is beyond the scope of this paper; what is important is that this basic setup will be useful in addressing the core issue of SSB. The corresponding background field value for each species is given by
As is well known, the phase of the ground state condensate Ψ j0 is not determined by this condition. This suggests there are a family of distinct ground state solutions labelled by a set of constant phases θ j0 as
which all appear to spontaneously break the symmetry given above in Eq. (5). Since these symmetry transformations include the global sub-group of U (1) em , one should be extra careful in reaching such conclusions. In this work, we will examine this issue systematically by quantizing the fluctuations and actually computing the ground state of the quantum theory precisely.
IV. PERTURBATIONS
Let us expand around the homogeneous background by decomposing the fields into a perturbation in modulus η j (x,t) and phase θ j (x,t) as
We then treat η j and (derivatives of) θ j as small to study small perturbations. Expanding the Lagrangian density to quadratic order in the fluctuations we obtain
Now the electromagnetic field includes the non-dynamical Coulomb potential φ. We can solve for this from Gauss law as follows
where the charge density (to linear order in perturbations) is
We now decompose the vector potential A into its longitudinal A L and transverse A T components
However, we can now exploit gauge invariance to simplify our results by operating in Coulomb gauge ∇ · A = 0. So A L = 0 and A = A T is purely transverse. One should bear in mind that all of our results can be trivially re-written in a gauge invariant way be replacing
if desired. The Lagrangian density decomposes into a sum of longitudinal L L and transverse L T pieces that decouple at the quadratic order
The final term in (17) shows the familiar fact that within a superconductor the magnetic field acquires an effective mass. It is given by the sum of squares of the plasma frequencies as
This means the magnetic field is short ranged, which is the famous Meissner effect (for example, see [35] [36] [37] ). This is analogous to the Higgs mechanism in the Standard Model. However there is an important difference: In the Standard Model the Lorentz symmetry ensures that the Coulomb potential A 0 = −φ also acquires the same effective mass. However, in this nonrelativistic setup that is not the case; the Coulomb potential remains massless and so it remains long ranged. Hence the argument presented by us in Ref. [11] , which explained that the corresponding electric charge must vanish by Gauss' law, does not directly apply in this context. We will return to the behavior of the charge in Section VII. Our interest is in the behavior of the longitudinal modes, as these involves the phases θ j , and enjoy the symmetries θ j → θ j + α j . To study these modes in more detail, it is convenient to now pass to the Hamiltonian formalism. The appropriate phase space variables are the phase θ j and momentum conjugates π j given by
Furthermore, we diagonalize the problem by passing to kspace. We write the Hamiltonian for the longitudinal modes as
and find the k-space Hamiltonian density to be
Note that as expected it is the charges q j that couple the different species to one another, as seen in the final term.
V. GROUND STATE WAVE FUNCTION
For the sake of simplicity, let us now specialize to the case of two species j = 1, 2. We can readily write the above Hamiltonian density in matrix notation, by defining the following vector fields
and the following matrices
This gives the following Hamiltonian density
We are now in a position to construct the ground state wave function. Recall that for a single harmonic oscillator with Hamiltonian H = K p 2 /2 + Fx 2 /2 the ground state wave function in position space is well known to be ψ(x) ∝ exp(− F/K x 2 /2). For the above Hamiltonian H L we need to generalize this to take into account the non-trivial matrix structure. Some matrix algebra reveals that the result in the field basis is
where M k is the following matrix
Let us now examine this result in some important limits.
A. Superfluid
Firstly, consider the simple case in which the species are neutral q j = 0. In this case the matrices becomes diagonal, the modes decouple, and we have a set of superfluids. The argument of the exponential in the wave function simplifies into the following form
where
is the usual dispersion relation in a superfluid for each species. For long wavelength modes the effective sound speed c j is
Note that for small k, the pre-factor of |θ j | 2 in Eq. (28) is linear in k (since ω jk is itself linear in k)
This will be very important when we come to compute the wave function overlap in the next Section.
B. Superconductor
Our main interest is the case in which the species are charged q j = 0 and we are studying a superconductor. In this case the full wave function in Eq. (26) is somewhat complicated. However, of most interest will be the long wavelength behavior, as this will control the overlap of any pair of ground states, as we detail in the next Section. For this we can take q j = 0 and then perform a small k expansion in the exponent of the wave function (this can also be viewed as a large q j expansion). We expand the above matrix M k to the first several leading terms and obtain 
If we then expand out the matrix structure that appears in the argument of the exponent of ψ we find
Note the important phase dependencies here: The first term ∼ k has dependence on q 2 θ 1 − q 1 θ 2 , while the last term ∼ k 2 has dependence on q 1 θ 1 + q 2 θ 2 , while the second term ∼ k 3 2 depends on both. Recall that the U(1) em phase transformations are θ j (x) → θ j (x) + q j ε; this evidently does not affect the first term, but only the final terms.
VI. WAVE FUNCTION OVERLAP
We now come to the main issue of comparing the set of ground state wave functions that differ by the symmetry transformations
for different choices of phases α j . Note that if we choose α j = q j α(x), with α(x) → 0 at infinity, then this represents a (small) gauge transformation and the above wave function, like all wave functions, is in fact gauge invariant; this can be made manifest by simply reinstating
which is a well defined operation for (small) gauge transformations. As emphasized earlier in the paper, the interesting issue is that of global transformations, with α j constant. However, performing constant phase shifts is awkward in k-space, since it would formally involve shifting θ k by a deltafunction θ jk → θ jk + α j (2π) 3 δ 3 (k). Hence, as we did in Ref. [11] , it is much more convenient to pass to position space and define the field theory in a volume V , then take the large V limit. In position space the ground state wave function is given by
where M ε is a matrix of kernels, defined by
Here ε is a UV regulator. It will be convenient to first regulate the UV modes, then send ε → 0 limit at the end of the calculation. This makes good physical sense, since the physics associated with SSB is the infrared behavior of the theory and should not be sensitive to the UV. In position space we also note that the the complete wave function should be periodic under θ j → θ j + 2πn j , where n j is an integer. This is easily ensured by defining the improved wave function as
and furthermore, the final result is to be normalized appropriately.
Let us now consider a pair of ground state wave functions: One of them, |G , centered around θ j = 0 and the other one, |G , centered around θ j = α j . The (normalized) overlap between these two wave functions is given by the integral
We can readily compute this integral as it is Gaussian. We obtain
where we defined a vector of constant phase shifts
The above integral d 3 r M ε (r) can be more readily understood by re-writing M ε (r) in terms of the Laplacian of another matrix of kernels J ε (r) defined implicitly by
In terms of a Fourier transform we can define this by
where we inserted an extra factor of 1/k 2 in the integrand (and we used the fact that ε is very small). Using the divergence theorem, the wave function overlap can then be given by the following boundary term
where dS is an infinitesimal surface area vector that points radially outward. In this representation it is now clear that the UV has decoupled, as the boundary term is purely an IR effect. In other words, we can now send ε → 0 to evaluate the above kernels, since we know that we do not need to evaluate J(r) as r → 0; we only need to evaluate J(r) at large r.
A. Superfluid
In the case of the superfluid, recall that the matrix of kernels M k is diagonal, and hence the J(r) will be diagonal too. Using the leading order result from Eq. (31), in which M k ∼ k, we have
Here we have defined the function f 1 (r), which is a special case of the Fourier transform of inverse powers of k, defined by
For the special case of p = 1, it is readily found to be
Note that this has significant support at large r. By taking the gradient of J(r), inserting into Eq. (46), and defining our theory in a sphere of radius R, we obtain the following result for the overlap
where the normalization factor N is simply equal to the numerator with α j = 0. For any finite α j in the domain 0 < α j < 2π we can readily approximate the sum over n 1 , n 2 by just the n 1 = n 2 = 0 terms. This gives the simpler expression
Evidently for large R, the wave function overlap falls off exponentially towards G|G → 0 for each of the independent modes. Hence we have SSB and each mode is associated with its own independent Goldstone (phonon). This is all entirely uncontroversial.
B. Superconductor
In the case of the superconductor with non-zero charges, we return to our expression in Eq. (32) for the leading IR contribution to the kernel M k . In this case the leading dependence for small k include k, k 3/2 , and k 2 . Which of these dominates will depend on the particular choice of phase shifts, as seen in Eq. (36) . To compute the various contributions to J(r), we therefore need to divide by a factor of k 2 (recall Eq. (45) 
which also has somewhat significant support at large r. On the other hand, the Fourier transform of 1 is known to be just a delta-function
and has no support at all at large r. Hence the terms in M k that involve k 2 do not contribute at all to the wave function overlap at large volume. In fact these are precisely the terms that arise from electric transformations α j = q j ε, which is only nonzero for the k 2 terms (as well as higher order terms, that all involve even powers of k; all are associated with delta-functions and do not contribute at large volume to the overlap).
Using these results, we find that the matrix J(r) for nonzero r is given by J(r) = 
Inserting this into the general expression for the wave function overlap Eq. (46) and again evaluating the integral on a sphere of radius R, we obtain our primary result
whereα j ≡ α j + 2πn j . As before, the normalization factor is simply equal to the numerator with α j = 0. For a typical choice of phase shifts α j , the argument of the exponent is non-zero. This leads to the wave function overlap approaching zero exponentially fast. For 0 < α j < 2π and for q 2 α 1 − q 1 α 2 = 0 the leading fall off is provided by the first term in the exponent and for n 1 = n 2 = 0, giving the leading fall off of the wave function as
This is evidently associated with SSB and there is a corresponding Goldstone mode, which we will describe in more detail in the next Section. However the important fact is that there is one, and only one, special choice of shifts that does not lead to a new wave function; namely if we perform a U(1) em phase shift
(where ε is a common factor). This is the one special combination that sets
leading towards vanishment of both terms in the argument of the exponent in the wave function overlap. In fact we have checked that it vanishes for all higher order contributions to the wave function too. Hence for U(1) em we have |G = |G and there is no SSB.
VII. CONSERVED QUANTITIES
To understand this result further, let us examine the possible conserved quantities in the system. Naively there is a conserved quantity for each shift α j . Indeed this is true when expanding around the vacuum. However, when expanding around the superconducting condensate, it is more subtle.
Recall that each species has a corresponding particle number given by
In this section we will study the classical field evolution for simplicity. The leading order fluctuations in particle number ∆N j around the homogeneous background are given by
where in the second step we have expressed the spatial integral as the zero mode of the Fourier space representation. The second time derivative of this is
where in the second step we used the classical equation of motion for η j that follows from the Hamiltonian Eq. (21). This can be determined to be
where we used the classical equation of motion for θ j . Here the total electric charge Q is
In general we see that the particle numbers in a superconductor are typically not conserved if the charge fluctuation is nonzero (this is to be contrasted to the case of expanding around the vacuum). Related to this, we can compute the time evolution of the charge itself. The last 2 equations givë
Hence the electric charge is not conserved, but oscillates in any enclosed region if its value is initial non-zero; these are the familiar plasma oscillations. For a two species system, there is one linear combination of the ∆N j that is conserved. The enclosed perturbation in total mass is given by ∆M = ∑ m j ∆N j . 
where in the last step we used the condition that the background total charge density ρ 0 = ∑ j v 2 j q j = 0, so that we are expanding around a neutral superconductor. Hence there is a single conserved quantity associated with these internal symmetries; which is the conservation of mass. Its corresponding Goldstone is a phonon. The associated phase transformations that are generated by this conserved quantity are θ j (x) → θ j (x) + m j ε.
This is a symmetry transformation that is spontaneously broken by the ground state. In fact the related Galilean symmetry of boosts is also spontaneously broken. This is as opposed to the U(1) em (θ j (x) → θ j (x) + q j ε) which is not spontaneously broken. More precisely, there is no conserved charge, so this symmetry is better understood as being removed in this phase.
VIII. CONCLUSIONS
In this work we have explicitly computed the wave function overlap between ground states in nonrelativistic systems of condensed bosons, either modeling superconductivity or superfluidity. We showed that while a generic phase transformation of the nonrelativistic Schrodinger field does indeed lead to small overlap and hence a new state and SSB, the one combination of phase shifts that does not lead to a new state is that of the electromagnetic phase shifts. Hence there is no SSB of U(1) em by superconductors, neither gauge or global, despite some claims to the contrary in the literature. Instead there does exist SSB of symmetries associated with mass conservation, associated with phonons, among other possibilities depending on the number of fields (related ideas appear in Ref. [38] ).
These results are in accord with our earlier work in the Standard Model [11] . Other directions to consider are more complicated condensed matter systems, including those that exhibit strong coupling, and various other phases. Further applications may be to other areas in which SSB may play a role, including ideas in particle physics [39] [40] [41] and cosmology [42] [43] [44] [45] [46] .
